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BASES FOR THE GLOBAL WEYL MODULES OF sl n OF HIGHEST 

WEIGHT mui 


SAMUEL CHAMBERLIN AND AMANDA CROAN 


Abstract. We utilize a theorem of B. Feigin and S. Loktev to give explicit bases for the 
global Weyl modules for the map algebras 0 A of highest weight mio i. These bases are 
given in terms of specific elements of U(sl n ® A) acting on the highest weight vector. 


1. Introduction 

Let g be a simple finite dimensional complex Lie algebra. For the loop algebras, g <8> 
C[f,t _1 ], the global Weyl modules were introduced by Chari and Pressley, [1]. Feigin and 
Loktev extended these global Weyl modules to the case where the Laurent polynomials 
above were replaced by the coordinate ring of a complex affine variety, [5j. Chari, Fourier 
and Khandai then generalized this definition to the map algebras, g © A, where A is a 
commutative, associative complex unital algebra, [3]- Feigin and Loktev also gave an iso¬ 
morphism, which explicitly determines the structure of the global Weyl modules for the 
map algebras of sl n of highest weight mu i, [5]. 

The goal of this work is to use the structure isomorphism given by Feigin and Loktev to 
give nice bases for the global Weyl modules for the map algebras of sl n , sl n © A, of highest 
weight mu\. These bases will be given in terms of specific elements of U(sl n © A) acting 
on the highest weight vector. This was done in [2] in the case n = 2, but the case n > 2 
has not previously appeared in the literature. 


2. Preliminaries 


2.1. The Structure of sl„ . Recall that s( n is the Lie algebra of all complex traceless 
matrices The Lie bracket is the commutator bracket given by [A, B] = AB — BA. 

Given any matrix \bi.j\ define e k ([6jj]) := bk,k- For i G {1, ... , n— 1} define cu := — e*+i. 

Define 

?± := \ ± H-f aj) 


R d 




to be the positive and negative roots respectively, and define R = R + U R~ to be the set 
of roots. Let e* j be the n x n matrix with a one in the ith row and jth column and zeros 

in every other position. Define hi := h ai = e^j — ej+pj+i, for i £ {1,... , n — 1}. Then 

f) := span{/r,;|l < i < n} is a Cartan sub-algebra of sl n . Given a = at + • • • + olj G R + 
define x a := and x- a := ejj. Then {hi, x± a \ 1 < i < n — 1, a € R} is a Chevalley 

basis for sl n . Given i G {1,..., n — 1}, define xt := x ai = e^+i, := x- ai = Note 

that, for all 1 < i < n — 1, span{a;_j, hi, x,;} = sU 

Define nilpotent sub-superalgebras := span{x Q |a G R^} and note that s( n = n“ © 
fj 0n+. 
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Define the set of fundamental weights {wi,... ,uj n - 1 } C f)* by un(hj) = <5 ij for all i,j G 
{1,... ,n — 1}. Define P + := span z {wi,... to be the set of dominant integral 

weights. 

2.2. Map Algebras and Weyl Modules. For the remainder of this work fix a commu¬ 
tative, associative complex unital algebra A. Define the map algebra of sl n to be sl n ® A 
with Lie bracket given by linearly extending the bracket 

[z <8> ci, w <S> b] = [z, w\ (8> ab 

for all z,w G sl n and a,b G A. 

Define U(sl„, <8> A) to be the universal enveloping algebra of sl n <S> A. 

As in [3] we define the global Weyl model for sl n ® A of highest weight A G P + to be the 
module generated by a vector w\ , called the highest weight vector, with relations: 

(x ® a)w\ = 0, (h <8> l)w\ = X(h)w\, (x_* <g> l) x( - hi ^ +1 .w\ = 0 

for all a G A, x G n + , h G f), and 1 < i < n — 1. 


2.3. Multisets. Given any set 5 define a multiset of elements of S to be a multiplicity 
function y : 5 —)• Z>q. Define .F(iS') := {x : S' -A Z>o : |supp x| < 00}. For % G i r (S') define 
|x| := SsgsX( s )- Notice that P(S) is an abelian monoid under function addition. For 
V>,X G T(S), ip C x if V’(s) < xO) for a11 s € S. Define P(x)(S) := {ip G P(S) \ ip C x}- 
In the case S = A the 5 will be omitted from the notation. So that T := P(A) and 
P{x) = Hx){A). 

If ip, x G P with ip G JXx) we define x — ip by standard function subtraction. Also define 
7 t : F — {0} -A A by 

ir(ip) := ll 

a£A 

and extend n to T be setting 7r(0) = 1. Define M : T —>■ Z by 


MWO : = 


1# 

n„ e A^(o)! 


For all ip £ P, JA(ip) G Z because if supp ip = {ai,... ,a k } then M(ip) is the multinomial 
coefficient 

( H \ 

\ip(ai),...,ip(a k )J 

For s G 5 define Xs to be the characteristic function of the set {s}. Then for all x G P{S ) 


X = Y1 x(s)Xs 

s£S 


2.4. The Symmetric Tensor Space. Given any vector space W, there is an action of the 
symmetric group S k on W (g) W ® • • ■ ® W given by 

^ V ' 

A:-limes 

a{wi ®W 2 ® ■■■ ® Wk) = v a - 1 ( 1 ) <g> 710-1(2) <8> • • • G T'o-I(fc) where v±,..., v k G W. 
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For any vector space W, define its A;th symmetric tensor space 


S k (W) = span < 

/ 

(8> ■ ■ ■ (8) -(/;*.) 

«h,. 

.,w k £W 






Define V = C n to be an s[ n -module via left matrix multiplication, and write the basis as 
v\ := (1,0,..., 0), and for i £ {1,..., n + m — 1}, V { + i := X-iVi. Then V <8> A is an sl n ® A 
module under the action (z ® a)(w <8> b) = zw ® ab. 

Given ipi,... ,ip n £ T with k := Y^= i \ ( Pi\ define 

<p n ):= 0 0 K ® € (V ® A)® k 

aiGsupp f i a n Ssupp f n 

and 

v(tpi ■= ^2 ... ,<Pn)) e S k (V ®A). 

a£S k 

We will need the following theorem of Feigin and Loktev, which is Theorem 6 in [5]. 

Theorem 2.4.1 (Feigin-Loktev, 2004). For all m £ N = S m (V ® A) via the 

map given by 

W mU1 ^ (u X ® l)® m . 

We will also need the following lemma. 


Lemma 2.4.2. Let B be a basis for A. Then the set 




Ti, 


,<Pn € -F(B), V' \<pi\ = m 


n 

E 

i =1 


is a basis for S m (V ® A). 

Proof. 55 spans S m (V <8> A) because B spans A and vi,...,v n spans V. 55 is linearly 
independent because the set 


{(vji <g> 6i) ® ■ ■ • <g> (v jm ® b m ) | j i,... ,j m £ (1,... ,n}, bi ,..., b m SB} 
is a basis for (V <8> A) 0rn and hence is linearly independent. 


□ 


Given k £ N define A k 1 : U(sl n ® A) —>• U(sl n ® A)® k by extending the map sl n <g> A —» 
U(sl n ® A)® k given by 


k-1 

A fc “ 1 (z®o) = ^2 1® J 0 ( z ® °) ® I®* -1-5 ' 

j=0 

Note that A fc_1 (l) = l® fc not 

Since V ® ^4 is a U(sl n ® ^4) module, (F <g> A)® m is a left U(sl n ® A)-module with u 
acting as A m_1 (u) followed by coordinatewise module actions. Moreover S m (V <S> A) is a 
submodule under this action. Thus S m (V ®^4) is a left U(s( n (8> A)-module under this A m_1 
action. 
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2.5. For alH = 1,... ,n — 1 and recursively define x) € U(sl n <g)j4) as follows 


ft (0,0) := 1 

ft(0,x) := -rr M(ip)(hi ® Tr(i/j))qfi 0, X ~ VO 

1X1 

ft(^,x) : = — I—| X] XI ^(V0(z-;® d 4V))ft(^-Xd,x-V0 

desupp ¥> 

Given ip n ,..., ip n 6 J, define 


< 7 (^ 1 , gn-l(¥’n,^n-l)9n-2((|¥’n[ + [¥’n-l|)Xl,¥’n-2) • • ■ <?2 



Xl.^2 


Q\ 



Xi,</h 


Remark 2.5.1. ./Vote that the qi(0,x) coincide with the Pi(x) defined in []]. 


3. Main Theorem 

The main result of this work is the theorem stated below. 
Theorem 3.0.2. Given a basis B for A and m £ Z>q, the set 


q(Vl, ■ ■ -iVn)™ 


muj 1 


<Pl 5 • • • 5 ^Pn ^ UB), £ \ m 


= m 


i= 1 


is a basis for Wa (muii ). 

The proof of this theorem will be given after several necessary lemmas and propositions. 


3.1. Necessary Lemmas and Propositions. 


Proposition 3.1.1. For all k € N A k = (l®^ 1 <g> A 1 ) o A fc_1 . 
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Proof. The case k = 1 is trivial. For k > 2 and u £ U(sl n ® A) we have 


(l®*- 1 ® A 1 ) (A k -\uj) 

= (l® fc_1 <8> A 1 ) [ V' 1®J (8> u (8) l®*^ 1 --? | 

\ / \ / 

v 7 U=° / 


k—2 


(l®*" 1 0 A 1 ) ^ 1® J ' 


< u 8> P 


fc—i —j I -I l 


+ l 89 <8> u 


J =o 


k—2 


Y l 0i ® u <8> l® fc_2_i ® A 1 (l) + l® fc_1 (8) A 1 (rt) 

j=o 

k—2 

Y 10i <» u (8) <8) 1 (8) 1 + l®^” 1 <8) (it <g) 1 + 1 <g> it) 

3=0 

k—2 

Y l ® j l® k ~ j + l® fc_1 8> u 8) 1 + l® fe_1 <8> 1 <8> u 

3=0 

k 

Y i 0i ® u ® 

j=0 

A k (u) 


□ 


Given % £ T and k £ N define 


c °mPfc(x) = < if : {1, • • • , A;} -S- T'(x) 


X] V’(j) = X 
J=i 


Lemma 3.1.2. For all i £ {1, ..., n — 1} 

(qi(<p,x)) = Y ® ••• ® qi((j)(k),i/j(k)) 


ip Gcomp fc (x) 
</>ecomp fe (v5) 


Proof. This can be proven by induction on k. The case k = 1 is trivial. In the case k = 2 
the lemma becomes 

Al (%(vbx)) = %0,P) <8x7*0- <t>,x-^) 

ip&T{x) 

4>£F{.v) 

This can be proven by induction on \ip\. For k > 2 use Proposition 13.1.11 The details in 
the sh case can be found in [2]. This can be extended to the sl n case via the injection 
Qi : sl 2 <8> A —> sl n (8) A given by 

kli(x~ <8> a) = (8> a, <8> a) = hi <8> a, <8> a) = Xj <8> a 

For alii £ {1,..., n — 1} and a £ A. □ 
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Lemma 3.1.3. For all ip, x £ J 7 with |^| + |xl > 1 an d all i £ {1,, n— 1} qi(ip, x)(^i®l) = 

0. 

Proof. Assume that ip = 0. This case will proceed by induction on |x| > 1. If |x| = 2 (so 
that x = {a, b} for some a,b £ A) we have 

q%{ 0, {a, b})(vi <g> 1) = [(hi ® a) <g> (hi ® b) - (hi <g> ab)\ (vi ® 1) 

= (h* <S> a) <S> (vi <S> b) — (uj <g) a&) 

= (fi <g) ab) — (vi <g> ab) 

= 0 


For the next case assume that |x| > 2 then 

9i(0,x)(wj ® 1) = --pr Y ^(V0(^®^WMx~V’)K® 1) = 0 
1X1 0^bG^(x) 

by induction. 

Now assume that \ip\ = 1 (or f = Xb f° r some b £ A). Then 


Qi(Xb,x)(vi <8> 1) 


- Y ■ M (' t l’)( x -i®bTr('if))q i (0,x-i’)(vi®l) 

V’SJ-(x) 


-M(x)(x-i ®b-K(x))(vi <g> 1) - ^ -M(x-Xo)(®-<®iwr(x-Xo))ft(0,Xo)(vi®l) 

aSsupp x 

-Ad(x)(u i+ i <8)6vr(x)) - ^ -M(x ~ Xa)(z-i ® Mx - Xa))(~hi <8> a)(uj <g> 1) 

aSsupp x 

-M(x)(v i+ i <g> &7r(x)) + X(x-Xo)(*-f®&7r(x-Xo))(wi®a) 

aSsupp x 

-Ad(x)K+i ® 6 tt(x)) + ^ M(x-Xa)(wi+I®&7r(x)) 

aSsupp x 


-M(x)(v i+ 1 <8> bir(x)) + Y 

aGsupp 

-M (x) (u i+ i <g> Mx)) + ^ 


(|X|-1)! 


aSsupp x ncssupp (x-Xo) ^ Xd)( c ) 

(lxl-1)! 

assupp x n^PP X x(c)!(x(o) - 1)! 


yK+i <g> 6 tt(x)) 
(u i+ i (g> & 7 T(x)) 


-M(x)(u i+ i <g> bir(x)) + Y TT-^(x)(h+i ® &tt(x)) 

aGsupp % 

-Ad(x)(^+i ® Mx)) + Ad(x)(^+i <8> &tt(x)) 


0 
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Finally assume that \<p\ > 1. Then 
1 




m 


E E M(i/j)(x-i <g> d'K{^))q i {^p - Xd,X ~ ^)(«i ® 1 ) 

V>e-F(x) rfesupp ip 

i^i E E *w> 

4<&T(x) rfesupp ^ 

1 


M - 


7 E 


Y 


’/’lG-^lx-V') dlGsupp (if-Xd) 

(x-i <g> dir(il>)){x-i <g> diTT(i/ji))qi(^ - Xd ~ Xdi,X~ V’ ~ V’l) K ® 1) 


= 0 

because at least two X-i terms act on a single Vi as 0. 

Lemma 3.1.4. For all i £ {1 ,... ,n — 1} and ip, x £ J 7 with \p\ + \x\ = k 


□ 


Proof. 

<liW,x) (Vi ® 1 )° 


QiiViX) (vi®l) & = (~l) k v ( 

i i -\-1 

/ \ 

^ %(0(1), ^(1)) <8> ■ ■ ■ 0 %(0(fc), V’(fe)) 

V>Gcomp fc (x) 

\</’Gcomp i ,((^) / 

by Lemma 13.1.21 


K <g) l) d 


Y iK 1 )) (^i <8) 1)) (g) ■ • • <8) (9i(<^(fe), V’(fe)) Oi ® 1)) 


bGcomp fe (x) 

</>ecomp i .(<^) 


By Lemma 13.1.31 we see that the only potentially nonzero terms in the sum are those for 
which \<$>(j)\+\if(j)\ < 1 for all j € {l,...,fc}. Since |</?| + |x| = k if we have \4>(j)\+\f>(j)\ =0 
for some j € {1,..., n — 1} then there is a r € {1,... ,n — 1} such that |V’( r ’)| + |</>(r)| > 1. 
So the only potentially nonzero terms in the sum are those for which \4>(j)\ + 1*00")I = 1 for 
all j £ {1,... , k}. Suppose that <p(j) = x a and ip(j) = 0 for some j E {1,... k} and some 
a £ A. Then 

Qi (.Xa 1 0) (vt <g> 1) = - (x-i 0 a) (vi <g) 1) = - (v i+ i <g> a) 

Suppose that 0(j) = 0 and 'tp(j) = Xa for some j E {1,... fc} and some a € A. Then 

% (0, Xa) (vi <g> 1) = — (/ij <g) a) (wj <g> 1) = - (vi 0 a) 

So — (vi + 1 <g> a) and — (t>j (g) a) are the only possibilities for factors in the tensor product 
above. Since we are summing over all possible submultisets of ip and x we have the result. 

□ 
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Lemma 3.1.5. For all m £ N and all (pi,... ,ip n £ J with \Pi\ = 171 
q{<P 1, • • -,Vn)(v 1 <8) l) 0m = (-l)^'= 1 ' 7lwl w((/?l, ...,tp n ) 

Proof. Since for all j € {1,... , n — 1} and k G {1,..., n} 

Z'—j'Uk ^j,k'Vj + 1 ) hjV k 3 j,k'Uj ^7 +1 ,k'Vj+\ 

by Lemma 13.1.41 we have 
q(tpi, ■ ■ -,<Pn)(vi <8> l)® m 

= q n -l(ip n i<p n -l)qn-2({\Pn\ + \Pn-l\)Xl,Pn-2) ■ ■ -qi I I ^2\Pj\ I Xl,Pl ) (^1 <8> 1) 


0m 


= (-l) m qn-i(Pn,Pn-i) ■ ■ ■ q2 ( ( ^2\Vj\\ Xi,<P2j v I Pi, I ) Xi, 0,. . . , 0 


= (-l) l¥ ’ l|+2 ^= 2l ^' l 9 n _i(v? n ,</p ri _i).. ,q 3 ( { ^2 ]\<Pj\ ) Xi,¥>3 | V | (p \, tp2 > 

J= 4 


v-vra —2 • | _ | 

= (-1)^=1 3 m 'q n -i(ip n ,<p n -i)v .. ■ ,</?n-2, (l^n-ll + |^n|)xi, 0 ) 


3.2. The Proof of Theorem 13.0.21 

Proof. By Lemmas 13.1.51 and 12.4.21 


q(<Pi, ■ ■ -,<Pn)(v i (8) 1) 


0m 


<pi 


• • • ,<Pn G ^(B), ^ Iv?i 


; = m 


Z=1 


is a basis for S m (V (8> A). Therefore by Theorem 12.4.II 


is a basis for Wyi(mwi). 


¥>i 


,...,<p n G^(B), ^|<p. 


d = m 


i —1 


I xi’ 0 ’- 

,i=3 


.,0 


□ 


□ 
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